For applications requiring high performance angular rate measurements it is important to be able to design MEMS rate sensors with high quality factors (Q). This paper considers ring resonator based rate sensors and investigates the influence of design changes to the ring and support legs on thermoelastic damping, which is the dominant dissipation mechanism. A computational method is used to quantify the thermoelastic damping and a detailed parameter study is conducted to understand the influence of ring geometry, support legs and micro-machined slots around the ring circumference. The results show that damping in the support legs can have significant influence on the total energy dissipated from the resonator, and the optimum leg geometry can be identified to achieve high Q. It is also observed that the addition of slots improves Q for resonators having higher energy loss. However, for high-Q, rings slots have a detrimental effect. The results presented are useful for designing ring resonators with reduced levels of damping.
Introduction
Micro Electro-Mechanical Systems (MEMS) angular rate sensors are used in many applications due to their small size, light weight and ease of fabrication, replacing the conventional gyroscopes (mechanical or optical). Most of the MEMS rate sensors are classified as vibratory gyroscopes using simple mass, discs or shells as the vibrating element of the resonator. The research presented here focuses on ring resonators which feature in some commercial devices.
Sensors capable of high accuracy rate measurements have been receiving significant attention [1] . However, the device performance is affected by physical damping mechanisms which influence the overall quality factor (Q-factor or Q-) of the device. The Q-factor is a measure of energy loss from the resonator per cycle of oscillation. High performances from a damping perspective can be achieved by identifying the dominant damping mechanism and considering different ways to reduce damping. There are several different energy dissipation mechanisms present in MEMS resonators: fluid damping [2, 3] , support loss [4, 5, 6] , thermoelastic damping [7, 8, 9] and surface loss [2, 10] . Fluid losses are negligible if the device is vacuum encapsulated, and surface losses are more significant in Nano-Electromechanical Systems (NEMS) devices due to increasing surface to volume ratio [11] . Support loss is an important energy dissipation mechanism in the context of MEMS resonators. It is the dissipation of energy due to elastic wave propagation through the supports to the substrate of the resonator, and most published research has studied support loss in beam [4, 5] and disk [12, 13] resonators. Chouvion et al. [6] predicted a very high-Q for support loss in supported ring resonators.
The author of this paper also investigated the phenomenon, and the results suggested that the support loss is negligble in ring resonators. The symmetry nature of ring and supports makes it a dynamically balanced system, which translates in to a high-Q for support loss.
Thermoelastic damping (TED) has been identified as the most important energy dissipation mechanism in many MEMS resonators such as beams [9, 14, 15] and rings [16] . It is an intrinsic source of energy dissipation which occurs due to coupling between thermal and mechanical states within the structure. The coupling induces temperature gradients by converting mechanical energy of a vibrating body to thermal energy; the energy dissipates via irreversible heat flow. Since TED is present in every structure, materials with low thermal expansion and high thermal conductivity are desired to minimize TED [17] . However, the majority of MEMS devices are manufactured using silicon based materials which often limits the selection of desired material for minimizing TED. Thus, efforts to improve the performance level of sensors are normally based on selecting geometries that yield reduced damping.
A limited number of studies on ring based rate sensors have been performed in the past. Ayazi and Najafi [16] presented a detailed analysis on the design, fabrication and experimental testing of a polysilicon ring gyroscope, although the damping behaviour of the sensor was not investigated. Wong et al. [18, 19] and Hao and Ayazi [20] developed analytical models to predict thermoelastic damping in ring structures, and this work explored the effect of ring dimension on the Q-factor due to thermoelastic loss. However these models are not capable of taking into account support legs or slots. Support legs are used to attach the ring resonators to the substrate, and although the support legs are designed to have minimal impact on the natural frequencies of the ring, they flex when the ring vibrates and form an additional source of TED which influences the overall damping. Incorporating micro-machined slots in flexural beam resonators has been shown [21, 22, 23 ] to reduce TED. These slots affect the thermo-mechanical coupling and can have significant influence on the Q-factor. The impact of support legs and slots around the circumference of the ring will be considered in this study. Since the support loss is negligble in ring resonators, it has not been considered in this paper.
With the ultimate aim of realising high performance rate sensors, the purpose of this paper is to gain improved understanding of TED in ring resonators by taking into account the resonator support structure and slots. Based on the fully coupled thermo-mechanical eigen-problem (e.g. [24] ), the finite element method (COMSOL [25] ) is used to model and predict TED. Parameter studies are performed to investigate the effects of ring dimensions on frequency and Q-factor. In particular, the study focuses on obtaining high-Q resonators by changing the bulk geometry of the ring and the support legs, and investigating the impact of slots around the circumference of the ring. The analyses presented in this paper are thought to be useful for designing high-Q ring resonators to improve performance, from the point of view of thermoelastic damping. The paper is organized into different sections as follows. Section 2 provides a brief overview of the principle of operation of ring based rate sensors. Section 3 reviews the background of thermoelastic damping based on Zener's classical theory. Section 4 describes the methodology used, including the basic principles of deriving coupled equations of thermoelasticity and constructing the numerical model in COMSOL. In Sections 5 to 7, the numerical model is validated and used to investigate TED in rings, support legs and slotted rings. The damping behaviour of the resonator is discussed and analysed based on the results throughout. Finally, the main findings from the present study are outlined with concluding remarks in Section 8.
Ring Based Rate Sensors
Ring based rate sensors measure the angular velocity of a body about the polar axis of the ring, based on Coriolis effect. For a perfect ring the modes occur in degenerate pairs of equal frequencies and the flexural 2θ in-plane modes are normally utilised to detect angular rate, see Figure 1 . The operation of the sensor involves mechanically exciting the primary mode and measuring the response of the secondary mode, which is directly proportional to angular rate. In Figure 1 , the secondary mode is located geometrically 45
• apart from the primary mode [16] . Further details about the operation of rate sensors are given in Ref. [26] .
The ring resonator is supported by legs, and Figure 2 shows three different support leg configurations considered in this paper. However, the purpose of the paper is to provide an understanding of the damping behaviour in supported ring resonators irrespective of the leg design. in most studies later. Figure 2 (b) shows the support leg configuration considered in [16] and consists of 16 semi-circular support legs connected to a central hub. Figure 2 (c) shows a configuration with the 8 support legs connected outside of the ring, with the "free ends" attached to a substrate. In all cases, it is important to maintain symmetry relative to the 2θ modes to ensure the natural frequencies do not split [16] .
Thermoelastic Damping
Thermo-elastic Damping (TED) occurs in any structure made from a thermoelastic solid that is subjected to a cyclic stress. Zener [7, 8] was the first to develop the theory of thermoelastic damping for thin rectangular beams under flexural vibrations, and the theory has been extended to ring structures [18] .
The bending of a structure during its vibration causes regions of compression and tension to develop.
The region under compression is heated and the stretched tension region is cooled (see Figure 3) . For a material with a non-zero thermal expansion coefficient, a temperature gradient is generated which relaxes by irreversible heat flow from hotter to cooler region producing entropy, leading to energy dissipation. In other words, mechanical energy is converted to irrecoverable thermal energy. This is known as thermoelastic relaxation and the characteristic time it takes to equalize the temperature is called the relaxation time (τ ). The relaxation time is one of the key parameters in Zener's approximate expression for thermoelastic damping given by
where the effective relaxation time is τ = Cv . Here, Q T ED is the Q-factor due to thermoelastic damping, ω 0 is the fundamental undamped natural Min. 
0 , i.e. the low frequency range, the vibration is considered isothermal and a very small amount of energy dissipates from the solid. At this low frequency, only a small temperature gradient is formed. This is due to the fact that the temperature gradient is dependent on strain rate. In the low frequency range, the strain rate is reduced, consequently the temperature gradient reduces, leading to small levels of energy dissipation. In the high frequency range, i.e. τ ω
0 , very small levels of energy is dissipated, similar to low frequency range and the system is adiabatic. Due to the high frequency, the temperature gradient has a shorter time period to relax back to the equilibrium state, leading to very low energy dissipation. During this shorter time period the temperature gradient vanishes before heat transport occurs. When τ ≈ ω −1 0 , maximum energy dissipation occurs, i.e. Q T ED is at a minimum.
In this case, the relaxation time and flexural period of the system are of the same order of magnitude, allowing the temperature gradient to relax, through heat transport, to restore thermal equilibrium. This maximum dissipation occurs at the Debye peak ( Figure 4 ) and is defined by
. From the thermodynamic point of view, the thermal energy, which is considered lost, increases the entropy of the system. Although Zener's closed form expression provides an accurate approximation of Q T ED for simple beam and ring-like structures, it is based on some simplifying assumptions. One of the important assumptions is that heat conduction only occurs in the direction of flexing and neglects heat conduction along the longitudinal axis. Zener also showed that for a beam vibrating in its transverse mode, 98.6%
of the relaxation occurs within the first transverse thermal mode [9] and hence, a single relaxation time is considered for the calculation of Q T ED . This assumption induces a very small error in the prediction of
Kinra and Milligan [27] and Lifshitz and Roukes (L-R) [9] developed exact, closed-form expressions for TED in this case. L-R's solution technique is widely used to estimate TED in micro-and nano-scale resonators. Lifshitz and Roukes developed the following expressions for a beam in flexure [9] :
where b is again the dimension across the beam in the direction of the flexing and χ is the thermal diffusivity of the material.
Wong et al. [19] and Hao and Ayazi [20] derived expressions for Q T ED in a ring resonator vibrating in its in-plane flexural modes based on L-R's approach, where b and ω 0 in Eqn. (2) are the radial thickness (b r ) and the undamped natural frequency of ring, respectively.
The aforementioned analytical expressions for TED are based on some restrictive assumptions which limit their applicability to simple structures like beams, rings, etc., vibrating in their flexural modes. Since analytical expressions are not suitable for complex geometries, e.g. ring with supporting legs, to evaluate TED, a numerical approach based on the finite element (FE) method is used in this paper. A brief overview of the FE methodology is presented in the following section. The simplified analytical results presented in this section are used for validation purposes later.
Methodology

Governing Equations of Thermoelasticity
In every solid there exists a fundamental thermoelastic coupling between the thermal and mechanical
states (e.g. between stress and temperature fields), where the thermal expansion coefficient acts as the coupling constant [28] . The governing equations of thermoelasticity are derived from the equations of motion of solids and a heat diffusion equation.
The equations of motion for a three dimensional (3D) elastic solid (neglecting external body force) in a
Cartesian coordinate system are given by [29] ∂σ xx ∂x
where u, v, w are displacements, and
∂t 2 are the acceleration of an infinitesimal element of the body, in the x, y and z directions. ρ is the density of the material.
The constitutive equations of thermoelasticity for a homogeneous isotropic material is given by [29] σ ij = 2µε ij + (Λe − βT )δ ij (6) where σ ij and ε ij are the stress and strain tensors (i, j = x, y, z), respectively. The thermoelastic constant, β = α(3Λ + 2µ) and the strain dilatation e = ε xx + ε yy + ε zz . Also, T is the temperature change from the reference temperature (T 0 ) and α is the thermal expansion coefficient. Here, one has the Lamé constants,
. ν is the Poisson's ratio of the material. The Kronecker delta is defined by
The combination of Eqs. (3) to (6), and linear strain displacement equations give the following set of
The heat conduction equation in 3D for thermoelastic damping is given by [24] 
where C p is the specific heat at constant pressure.
In MEMS, the temperature fluctuations from the equilibrium temperature are considered small, that is why Eq. (10) has been linearised about the reference temperature, T 0 .
Eqs. (7) to (10) 
Numerical Simulation
Eqs. (3) to (5) are integrated into the commercial finite element package COMSOL [25] . Coupling with the heat diffusion equation thermal expansion is implemented to these equations based on the constitutive relation (Eq. 6). This gives a set of equations similar to Eqs. (7) to (9) . The heat source term of the diffusion Eq. (10) is specified in the heat conduction equation available in the software for the bi-directional coupling with Eqs. (7) to (9) . It is considered that the vibration takes place in a vacuum so there will be no convective heat transfer with the surroundings and radiation affects are considered negligible. The adiabatic (thermal insulation) boundary condition is applied at all the external boundaries within the model.
The models are meshed using quadratic triangular elements generated by the built-in meshing technique in COMSOL. Depending on the ring and support dimensions, the total number of elements used in later simulations varies between ∼70000 and ∼160000.
The simulations are performed using two-dimensional fully coupled thermo-mechanical damped eigenfrequency analysis. The two-dimensional plane stress assumption (σ zz = σ zx = σ zy = 0) is used to reduce the computational effort. The damped eigenfrequency analysis results in complex eigenvalues (λ) from which the damped natural frequencies and Q-factors are evaluated.
For a lightly damped resonating system,
where ζ is damping ratio ( 1 for light damping) and ω 0 is the undamped natural frequency of the resonating mode. Eq. (11) can be simplified further as,
Here, the damped natural frequency, ω and quality factor, Q are given by
Ring resonators are generally manufactured using (111)-oriented single crystal silicon due to the uniform and homogeneous material properties over the (111) surface [30] . The mechanical and thermal properties of (111) silicon, used in the simulations, are summarised in Table 1 . 
Thermoelastic Damping in Unsupported Rings
Validation
The purpose of this section is to validate the model developed in the previous section and provide analytical results for the natural frequency by considering the natural frequency and TED Q-factor for the flexural 2θ in-plane modes of an unsupported perfect ring. Whilst validating the model, a mesh convergence study was conducted, but for brevity, this is not included in the paper. It is well known that the natural (undamped) frequency (ω 0 ) of a ring is given by [31] :
where n is the mode number (for 2θ in-plane modes, n=2), r is the radius of the ring, I z is the area moment of inertia about axial direction, A is the cross-sectional area of the ring, and ρ is the material density.
The natural frequency and Q-factor presented in Table 2 are for a ring resonator of 3 mm radius and 120 µm radial thickness. Table 2 compares the results obtained using numerical simulation against analytical and experimental values obtained using Eqs. (1), (2), (15) and Ref. [18] . The 2θ in-plane mode shape and the temperature distribution due to TED, from COMSOL, is shown in Figure 5 . Comparing the natural frequencies, it can be seen that they are in good agreement and the analytical and simulated values are almost identical. The analytical frequency is calculated based on the expression for the natural frequency of an undamped ring vibrating in its flexural 2θ (in-plane) mode. In contrast the simulated value is the damped natural frequency, so a small difference would be expected. The simulated Q T ED is in excellent agreement with the analytical and experimental values, with <1% difference between the simulated and analytical values. Given that the analytical results for TED do not account for TED in the support legs or any other sources of damping, it can be deduced from the experimental result that for this case TED in the ring is the dominant damping mechanism and the influence of the support is negligible.
(a) (b) Figure 5 : (a) 2θ in-plane mode shape, and (b) Temperature distribution due to thermoelastic damping in a ring of 3 mm radius and 120 µm radial thickness.
Parameter Study of Unsupported Rings
The purpose of this section is to present a parameter study for the influence of ring geometry on the natural frequencies and Q T ED for the flexural 2θ in-plane modes of an unsupported ring. 
These relationships can be observed in Figure 6 , and indicate that high frequencies occur for small diameter thick rings, and low frequencies occur for large diameter thin rings, as expected.
In Figure 7 , it can be seen that for a given fixed diameter, the Q T ED decreases as b r decreases until it reaches a minimum value before it starts increasing again. The critical value b r when the minimum Q T ED occurs is different for each diameter. not suitable for practical MEMS rate sensor applications because higher frequency applications are preferred to avoid unwanted couplings and typically the frequency range is 10 to 30 (kHz) [32] , based on published values. For this reason a trade-off is required between Q T ED and frequency when selecting the basic ring dimensions to achieve high Q. The general approach would be to consider a fixed diameter ring and then perform a parametric analysis to decide the radial thickness. In this paper, two different ring diameters (d = 4 and 8 mm) are considered for the purpose of comparisons.
To highlight the trade-off between frequency and Q-factor, Figure 8 shows the frequency and Q T ED plotted as a function of radial thickness for d =4 mm. The plot includes results obtained using numerical simulations as well as analytical results, and they are all in excellent agreement. It is evident that the numerically simulated Q T ED values are in excellent agreement with those calculated using Eq. (2). The Q T ED values predicted using Zener's expressions are slightly underestimated, and this is expected because Lifshitz and Roukes derived an exact expression compared to Zener's approximate expression. Similar trends in analytical and simulated results can be observed for d = 8 mm, which are not presented here.
Damping Behaviour in Unsupported Rings
In the previous section it was shown that high Q T ED values can be achieved either with large diameter thin rings or with small diameter thick rings, and low Q T ED values are obtained for critical b r thickness values.
To understand this behaviour, three different cases of high and low Q T ED are considered and these are:
(a) 2 mm diameter ring with 160 µm radial thickness, (b) 4 mm diameter ring with 20 µm radial thickness and (c) 8 mm diameter ring with 120 µm radial thickness. From numerical simulation, the 2 mm ring has a frequency ω of 166.758 kHz and Q T ED = 1.44 × 10 5 , whereas the 4 mm ring has ω = 5.264 kHz and Q T ED = 2.85 × 10 5 and, the 8 mm ring has ω = 7.895 kHz and Q T ED = 9624. Figure 9 shows the Q T ED for these rings on the Debye peak curve, and are obtained using Eqs. (1) and (15) . The horizontal and vertical dashed lines show the damped natural frequency and corresponding Q T ED values for the three rings considered. It is evident that the 4 mm-20 µm ring operates in the isothermal region, i.e. small temperature gradient is formed during its vibration, and this leads to very low energy dissipation, high Q T ED . In contrast, the 8 mm-120 µm ring operates in the region very close to the Debye peak where maximum dissipation occurs.
In this case, the flexural period and relaxation time have the same order of magnitude, resulting in a low Q T ED value. However, the 2 mm-160 µm ring operates in the adiabatic region due to its high frequency.
Since the thermal gradient vanishes due to the shorter time period, it exhibits a high Q T ED value. In summary, the small diameter thick rings and large diameter thin rings have high Q T ED due to operating in the adiabatic and isothermal regions, respectively. For thicker rings, one should be careful about the practical limitations that exist for ring geometries, i.e. b r < d 2 . This ensures that the geometry is not a disk/plate.
Thermoelastic Damping in Supported Rings
Effect of Support Legs on the Frequency and Q T ED
To investigate the effect of the support legs on frequency and Q T ED , 4 mm diameter rings with radial thicknesses in the range 20 −25 µm are simulated with support legs (w leg =6 µm) connected to the resonator.
As was seen in Figure 7 this range of b r values gives high Q T ED for unsupported rings. In this study, the leg configuration shown in Figure 2 (a) is used to support the ring. Table 3 summarises the numerically simulated results for frequency and Q T ED and compares results for supported and unsupported rings. The results suggest both the frequency and Q T ED increase when the support is added to the ring structure.
Although the support legs provide additional modal mass and stiffness to the ring, the frequency increase suggests (as in this case) that the dominant effect is to increase the modal stiffness. Assuming that the support legs are not a source of damping, it can be deduced that the frequency increase will also cause the Q-factor to increase. This argument is only valid if the thermoelastic mode shape is unchanged when support legs are attached. For very thin support legs modal mass dominates and the frequency is reduced.
This behaviour is observed in the next section.
Similar characteristics are also observed when support legs are added to 8 mm diameter ring, see Table   4 . Although, the large diameter thin rings give higher Q T ED values, the frequencies are in comparison quite low. Similar trends have been found when other leg configurations (e.g. as in Figures 2(b) and 2(c)) are used, but the results are not presented here. 
Effect of Leg Width on Frequency and Q T ED
Adding support legs was shown in the previous section to increase the frequency and Q T ED of the ring resonator. In this section, the influence of leg width on Q T ED is considered and this is achieved by considering two rings, with different diameters and thicknesses, and varying the leg width w leg . In addition the different leg configurations introduced earlier in Figure 2 are considered and for each of these cases the leg width is assumed constant and takes the same value in all sections of the leg. Figure 10 shows the frequency and Q T ED values for a ring of 4 mm diameter and 23 µm radial thickness with z-shaped support legs (Figure 2(a) ) having leg widths in the range 3 −14 µm. Figure 11 : Effect of leg width on frequency and Q T ED for 8 mm-120 µm rings.
(damped) of the supported ring is lower than the unsupported ring. This is due to the dominating effect of modal mass. As expected the natural frequency (damped) increases as the leg width increases due to increase in leg stiffness. However, the Q T ED value shows a different trend. The Q T ED increases gradually up to a peak value before decreasing with further increases in w leg . Although the frequency increases, Q T ED decreases significantly after reaching its peak value. This suggests that the support legs can have a significant influence on the overall damping, which is in contrast to the example considered in Section 5.1
where ring damping was observed to be dominant, based on a comparison with experiment. It is interesting to note that Q T ED reaches its peak at the w leg -value that coincides with the transition in frequency from increasing non-linearly to being in the linear range, see Figure 10 . It is also worth noting that Q T ED of the supported ring could decrease compared to unsupported ring due to increased damping in thicker legs.
Similar characteristics can be observed for a large diameter thick ring with supports. Figure 11 shows the frequency and Q T ED values for a ring of 8 mm diameter and 120 µm width for z-shaped legs having leg widths in the range 20 µm to 60 µm. Similar to Figure 10 , Q T ED increases to a peak value before decreasing with further increases in w leg . These results indicate that there are limits to the maximum value of Q T ED that can be achieved when support legs are included.
To further investigate this behaviour, semi-circular (see Figure 2(b) ) support legs and a central hub are implemented for a ring of 4 mm diameter and 23 µm radial thickness. In Figure 12 , frequency and Q T ED are plotted as a function of w leg . The results show similar characteristics to those in Figures 10 and 11 .
The Q T ED reaches a peak value before decreasing with w leg , and the frequency also increases approximately linearly. This trend is also apparent for 8 mm-120 µm ring with semi-circular supports, see Figure 13 . Also, when supports outside of the rings are considered, (Figure 2(c) ), similar behaviour for Q T ED and frequency is observed, see Figure 14 . It can be inferred from the analyses that regardless of the support leg design, minimum damping occurs at an optimal leg width before damping starts to increase, i.e. Q T ED decreases.
Influence of Leg Damping
In the previous section it is shown that as the support leg width increases, Q T ED decreases after reaching a maximum even though the frequency increases monotonically. This behaviour suggests that as w leg increases, the damping in the legs become significant. monotonically as w leg increases. As in Section 6.1, this behaviour can be explained by noting that Q T ED increases as frequency increases provided that the thermoelastic mode shape is unchanged. When w leg is small, the Q T ED values with and without leg damping are similar to each other, suggesting that leg damping is insignificant for small w leg values. However, increasing w leg introduces a significant amount of TED in the support legs which acts to reduce Q T ED . For example, for a leg width of 14 µm, Q T ED is reduced by ≈ 72% due to the presence of leg damping.
Damping in Different Leg Sections
It is interesting to study how each part of the support leg contributes to the damping for supported rings with high damping. In this section only the z-shaped legs in Figure 2 (a) are considered for brevity, and the damping in each section is achieved by dividing each 'z' shaped support leg into three sections, as shown in Figure 16 , and by evaluating the TED in each section. Figure 17 shows results for the (high damping) 4 mm-23 µm ring case with leg width w leg =14 µm. It is worth mentioning that the results are interpreted in terms of loss factor which is the inverse of quality
factor. The first column shows the overall loss factor ( for the P-1, P-2 and P-3 sections, respectively. The overall loss factor (
) is the sum of all individual loss factors, such that:
As expected the results indicate that leg damping is significant for the case considered. The results also indicate that damping in P-3 is higher than damping for the ring only. The TED in the ring only case accounts for ≈ 27.64% of the overall loss factor. Of the three different leg sections, P-3 has the highest damping and P-2 has the lowest energy. This is likely to be because this section (P-3) experiences higher levels of flexing, and consequently has a higher strain rate compared to the other sections.
Thermoelastic Damping in Slotted Rings
Candler et al. [21, 22] and Guo et al. [23] have shown that Q T ED of a beam resonator is influenced significantly by incorporating micro-machined slots in the beam. This section considers the influence of slots on various rings and provides an explanation for the damping behaviour of slotted rings.
Effect of Slots on Rings
To investigate the effect of slots, two different configurations of slots are considered, as shown in Figure   18 . Figure 18 (a) shows a ring with single layer of slots arranged around the ring circumference on the neutral plane. Each slot has a width w slot of 6 µm while the slot angular extent θ slot is 3
• and the angular gap between neighbouring slots θ slot−gap is of 5
• . Figure 18 (b) shows a ring with a double layer of slots.
In this case the slots are positioned at equal distance (2 µm) from the neutral plane and each slot layer has w slot =2 µm, θ slot = 2
• and θ slot−gap = 1 • . From the previous results obtained, it is known that a ring Loss Factor ( with 8 mm diameter and 120 µm radial thickness has relatively low Q T ED value due to operating near the Debye peak region. The two slot configurations are used on this ring, and results obtained using numerical simulations for unslotted and slotted cases are shown in Table 5 . It is clear that the presence of micromachined slots increases Q T ED in this case. Slots work by disrupting the heat flow due to temperature To investigate the effect of slots on high-Q ring resonators, 4 mm diameter rings with radial thicknesses in the range 20 −25 µm are selected based on results shown in Figure 7 . These rings operate in the isothermal region of the Debye curve, and so have high-Q values. Table 6 shows numerically simulated results for the frequency and Q T ED for rings with single and double layer slots, and no support legs. For the rings considered including slots causes Q T ED to decrease significantly, indicating that the damping has been increased -this is in contrast to the results in Table 5 where the damping was reduced. Table 7 shows similar information to Table 6 but for a 2 mm diameter ring with radial thicknesses in the range 140 −160 µm, which operate in the adiabatic region. Again it is found that including slots causes the damping to increase, however for the selected slots the decrease in Q T ED is not as high as the isothermal ring mentioned above.
In summary the results presented suggest that slots can improve Q T ED for a ring having low Q, i.e.
operating near the Debye peak, but slots do not improve Q T ED for the high-Q rings that operate in isothermal or adiabatic region.
Damping Behaviour in Slotted Rings
Candler et al. [21] mention in their work that the addition of slots can decrease the Q-factor, depending on the specific geometry and frequency of a thermoelastically limited beam resonator. This behaviour has also been observed in [22, 24] for flexural beam resonators. In the previous section it was found that Q T ED reduces in some cases when slots are added. Due to the complexity added by the slots to the geometry of the ring, Zener's theory based on single thermal mode is not sufficient to explain this behaviour. Candler et al. [22] proposed a rigorous explanation based on coupling of thermal and mechanical modes. The same explanation can be applied to the case of slotted high-Q rings. Due to thermoelastic coupling, several thermal modes can couple with the mechanical mode of interest. For an unslotted ring, it is a valid approximation (based on Zener's theory) that a single thermal mode (usually the first mode) is strongly coupled to the mechanical mode, and Q T ED is dominated by the energy dissipation from that mode. However, the addition of slots causes multiple thermal modes to be coupled to the mechanical mode. The initial thermal mode of an unslotted high-Q ring resonator is fully coupled to the mechanical mode and has very low energy dissipation if it is operating in the isothermal or adiabatic regime. Adding slots to the ring couples the mechanical mode to higher frequency thermal modes. This reduces the coupling effect with the initial thermal mode.
The partially coupled higher thermal modes also have energy dissipation. This dissipation is significantly higher than the energy dissipated by the initial thermal mode which becomes partially coupled when slots are added, leading to a reduction in Q T ED . Figure 19 shows the change in temperature distribution due to the addition of slots into a ring operating in the isothermal regime. A similar explanation is valid for the case where Q T ED of a ring resonator, operating near the Debye peak, increases by the addition of slots.
In this case, the initial thermal mode has higher energy dissipation, and incorporating slots reduces the coupling of this mode with the mechanical mode. Also, the energy dissipation from the partially coupled higher frequency thermal modes is such that it does not decrease Q T ED . In summary, the addition of slots introduces a complex coupling of thermal modes and the mechanical mode of interest which can increase or decrease Q T ED depending on whether the ring is operating near or away (isothermal/adiabatic regime) from the Debye peak.
Conclusions
Numerical finite element based simulations and available analytical solutions have been used to predict thermoelastic damping (TED) in ring resonators. The key purpose of the work is to present a parameter study to investigate the influence of bulk geometry changes in the ring and support structure and ring slot enhancements on TED, providing explanations for the observed behaviour where possible. The initial step taken was to understand the damping behaviour of unsupported rings. The TED behaviour of unsupported rings is adequately explained by Zener's theory, and as such it is possible to achieve high-Q rings by operating in either the isothermal or adiabatic regions. In practice this can be achieved by using either large diameter thin rings or small diameter thick rings. However, large diameter thin rings have lower frequencies than small diameter thick rings, and this means that there is a trade-off between frequency and Q that needs to be addressed when designing high-Q resonators for rate sensor applications. Adding support legs to high-Q rings tends to increase Q-factors compared to unsupported rings, but depending on the support leg design and ring size it could decrease also. However, as the width of the supporting legs increases, the Q-factor increases to a maximum before decreasing, suggesting that there is an optimum leg width at which maximum Q is achieved. This behaviour is attributed to TED in the support legs which is dominant compared to the damping in the ring. The effect of incorporating slots around the ring circumference was also investigated for high-Q unsupported rings, and it was found that slots can decrease Q (increase damping) by reducing coupling between thermal modes and the prevailing mechanical mode.
